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For a set of quantum states generated by the action of a group, we consider 
the graph obtained by considering two group elements adjacent whenever the 
corresponding states are non-orthogonal. We analyze the structure of the con- 
nected components of the graph and show two applications to the optimal 
estimation of an unknown group action and to the search for decoherence free 
subspaces of quantum channels with symmetry. 



1. Introduction 

A fundamental feature of quantum theory is the impossibility to reliably 
distinguish between non-orthogonal pure states. 1 This impossibility is at 
the root of the no-cloning theorem 2,3 and of the information-disturbance 
trade-offs that guarantee the security of quantum cryptography. 4 Non- 
orthogonality can be used to partition a set of pure states into subsets 
exhibiting gnuine quantum features. Consider a map (p that encodes ele- 
ments of a set X into unit vectors a Hilbert space Jt? 

ip:X^,yf x £ X \ip x ) e M (1) 

The map ip endows X with a graph structure: 

Definition 1.1. The confusability graph associated to <p, denoted by 
r(X, J$?, <p), is the graph where X is the set of vertices and two vertices 
x, y S X are connected by an edge whenever (ip x \<Py) 7^ 0. 

By this definition, two vertices x,y 6 X are adjacent if and only if the 
corresponding states \(p x ), \<p y ) £ ffl are confusable (i.e. non-orthogonal). 
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A vertex x is connected to a vertex y if and only if we can go from the state 
\<p x ) to the state \(p y ) through a path of confusable states. 

Denoting by Tk, k G K the connected components of T(X,J(f,(p) and 
by Xfe the subset of vertices belonging to Tk, we can partition the set of 
states tp(X) — {\if x ) | x G X} into mutually orthogonal subsets ip(Xk) = 
{Wx) I a; G Xfe}. Intuitively, the subsets <p(Xk) identify sectors of the Hilbert 
space Jf? where the encoding ip exhibits genuinely quantum features. More 
precisely, one can define the mutually orthogonal subspaces 

S k := Span{|<£ x ) x G X fe } k G K (2) 

and the corresponding orthogonal projectors Pk, k G K. With this definition, 
the linear map T> on trace-class operators defined by 

V{ P ) = Y J PkpPk (3) 

feeK 

does not disturb states in the set <p(X), that is, "D(\tp x ) (fx\) = \ip x )(<Px\ 
for every i£X. The map T> represents a partial decoherence process that 
preserves the off-diagonal elements of a density matrix only within the 
subspaces Sk- Equivalently, we can interpret T> as the result of a Liiders 
measurement that extracts information about the orthogonal subspaces Sk 
without disturbing states that have support inside these subspaces. 

In this paper, we consider confusability graphs generated by the action 
of a group G. The map tp will be of the form 

<p:G^Jf g G G ^ \<p g ) ■.= U g \<p), (4) 

where \<p) G M 3 is a unit vector and U : G — > B(Jt?),g n> U g is a unitary 
projective representation of G. In this special case, the confusability graph 
will be denoted by T(G, Jtf , U, \ip)), to stress that the map <p is now specified 
by the choice of a representation U and of an input state \ip). In section 2, 
we will show that the component of the graph connected to the identity is a 
subgroup of G and that the other components are left-cosets. We then show 
the implications of this structure for the problem of quantum estimation 
of an unknown group action (section 3) and for the problem of finding 
decoherence free subspaces of quantum channels with symmetry (section 4) . 
In particular, we will show that a covariant channel that preserves a single 
pure state \tp) G J$? will automatically preserve any state with support 
in one of the subspaces Sk- In other words, all the subspaces Sk will be 
automatically decoherence free. 5 ~ 9 

Before presenting our results, we would like to mention their connection 
to previous related works. An early appearance of a confusability graph is 
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the orthonormal representation of a graph introduced by Lovasz. 10 This 
notion, which is central in the study of zero error communication(see e.g. 
Refs. 11,12 ), was recently generalized to the quantum case by Duan, Severini, 
and Winter. 13 In zero-error communication, the problem is to find maximal 
sets of disconnected points in the graph (by definition, the messages that 
are communicated must not be confusable). Our discussion will take a com- 
plementary point of view, focussing instead on the connected components 
and on their role in quantum estimation and error correction. 

2. Group theoretic structure of the confusability graph 

Consider a confusability graph r(G, Jif, U, \ip)). By definition, two group 
elements g G G and h G G are connected, denoted by ~, if and only if 
there exists a finite path {gi G G}fL x such that gi = g, gN — h, and 
YliL^iVgi l^s.+i) 7^ 0- ^ 1S tnen eas y to prove the following 

Proposition 2.1. Let T(G, Jf° , U, \ip)) be a confusability graph. Then, 

(1) the connected component H := {h G G | h ~ e} is a subgroup of G 

(2) the connected components of T(G, ,U,\ip)) are the left cosets of G 
with respect to H. 

Proof. If g ~ g', then hg ~ hg' for every h G G. Using this fact it is 
immediate to see that H is a group. It is also clear that g ~ g' if and only if 
g~ 1 g' ~ e, that is, if and only if g~ 1 g' belongs to H. Hence, the connected 
component H g : {g' G G g' ~ g} is the left coset H 9 = gH. ■ 
Note that for a continuous representation of a topological group, the sub- 
group H always contains the component of the group topologically con- 
nected to the identity. However, the notion of connectedness that we use 
here makes sense also for finite groups and in cases where no topology is 
given a priori. 

An important family of input states, containing the best possible input 
states for the estimation of an unknown group element g G G, is the family 
of the class states: 15 a class state \<p) G can be concisely defined as a 
vector such that the characteristic function 16 f(g) := (ip\U g \ip) is a class 
function, namely a function such that f(h~ 1 gh) — f(g) for every g,h G G. 
For this particular type of states we have the condition 

Proposition 2.2. Let T(G, Jff, U, \tp}) be the confusability graph of a class 
state \ip) G ,yC . Then, the connected component H is a normal subgroup of 
G. 
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Proof. For a class state, g ~ g 1 implies gh ~ g'h for every h e G. 
By the same proof of proposition 2.1, we then obtain that the connected 
components are right cosets of G. Hence, we must have gH = Hg for every 
g G G, because gH and Hg are two intersecting connected components. ■ 

In the case of class states, the decoherence map in Eq. (3) can be in- 
terpreted as the result of an projective measurement with outcome in the 
quotient group G/H. 

3. Application to quantum estimation 

The group-theoretic structure of the confusability graph has an immediate 
application to the problem of group parameter estimation. M-MS, 17-20 g U p_ 
pose that a quantum system with Hilbert space , initialized in a pure 
state G Jif, undergoes an unknown unitary transformation U g . The 
problem is to find the best quantum measurement, represented by positive 
operator valued measure (POVM) P{dg) in order to estimate g with maxi- 
mum precision. The figure of merit is the minimization of a cost functional 



where c(g,g) is a cost function satisfying the property c(hg 7 hg) — 
c(g,g),Vg,g,h £ G. In this problem, it is well known that the optimization 
can be restricted to the set of covariant POVMs, 1,20 making the problem 
significantly simpler. Inspecting the structure of the confusability graph, we 
can further simplify the problem, reducing the search of the optimal POVM 
to the search of an optimal POVM for the lower-dimensional subspace <Sh, 
the subspace in Eq. (2) generated by the group elements in H. Indeed, we 
can write the unknown group element g as g = gh, where h belongs to 
H and g is a fixed representative of the coset gH. To estimate g, we can 
first identify g by performing a projective measurement on the subspaces 
Sfc, k G G/H defined in Eq. (2) (this measurement does not disturb the 
quantum state \<p g ))- Then we can apply the unitary U~ to the state \<p g ), 
turning it into the state \iph) S Sy\. Besides the reduction of the dimension- 
ality, this procedure has the additional bonus that the estimation problem 
inside Sh still has the form of Eq. (5), with the group G now replaced by its 
subgroup H. Hence, the problem of finding the optimal G-covariant POVM 
on ,yf is reduced to the problem of finding the optimal H-covariant POVM 
on S\\. 
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Note that the trick of identifying the group element g by a projec- 
tive measurement on the orthogonal subspaces {Sk}keG/H is reminiscent of 
the syndrome measurement in the stabilizer formalism. 21,22 This is not by 
chance, as one can rephrase several features of quantum error correction in 
terms of confusability graphs associated to subspaces. 

4. Decoherence free subspaces of covariant channels 

The confusability graph has a remarkable application in the search for deco- 
herence free subspaces of quantum channels with group symmetry. Consider 
a quantum channel C, namely a completely positive trace-preserving normal 
map transforming trace-class operators on Jtf. The channel C is said to be 
covariant if it satisfies the relation CoU g = U g oC,\/g e G, where U g is the 
unitary channel defined by U g (p) := U g pU^. The following proposition can 
be used to simplify the search for decoherence free subspaces of covariant 
channels: 

Proposition 4.1. (Decoherence free subspaces of covariant chan- 
nels) Suppose that the covariant channel C has a pure fixed point, i.e. that 
there is a pure state \ip) <E such that C(\ip)(ip\) = \ip)(ip\. Then, each 
subspace Sk, corresponding to a connected component of the confusability 
graph T(G, Jif, U, \<p)) is decoherence free. 

The proof is based on the observation that, due to covariance, one has 
^{\^g){i } g\) — \' l Pg)(^g\ f° r every g G G. The thesis follows by combining this 
fact with a simple lemma, which holds for arbitrary confusability graphs: 

Lemma 4.1. Suppose that the projectors on the pure states {ip x | x € X} 
are fixed points of the channel C. Then, each subspace Sk associated to a 
connected component of the confusability graph T(X, Jtf, ip) is decoherence 
free. 

The lemma can be proved as a corollary of a more general result about 
the algebraic structure of the fixed points of quantum channels. 23 ' 24 How- 
ever, the lemma has also a very elementary proof, similar to the proof of 
the no-cloning theorem: 2,3 

Proof of lemma 4.1 Consider a unitary dilation of the channel C, given 
by C(p) = Ti^f E [U(p ® |?y)(?7|)E^] for some Hilbcrt space Me, some uni- 
tary operator U <G B(J^e), and some unit vector I77} € J#e- Since the pure 
state \(p x ) is a fixed point of C we must have U\tp x )\ri} = \(p x )\r) x ), where 
\t] x ) € J#e is a unit vector possibly depending on x. For two points x, y € X, 
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we then have (<p x \tp v ) — ( ( Px\ l Py) (Vx\Vy) ■ Now, if (ip x \(p y ) ^ 0, we must have 
\ r h) = \f]y)- Hence, the vector \t] x ) is constant on the connected compo- 
nents of the confusability graph T(X,Jf,ip): \rj x ) = \r/ x > = \r/k) for every 
x,x' e Xfe. Taking a generic linear combination \ip) — X^ex Ci\ip x ) e Sk 
we have U\ip)\r/) = 1^)1%), an d, therefore C(\ip)(ip\) — \yj)(ip\. ■ 

In addition to simplifying the search for decoherence free subspaces, 
proposition 4.1 places a constraint on the covariant channels that can 
achieve a desired task — such as quantum teleportation 25 — that involves 
the preservation of a pure state. For example, a covariant channel that 
teleports a single state \<p) must be able teleport all the states in the 
subspaces Sk corresponding to connected components of the confusabil- 
ity graph T(G, Jf, U, \<p)). The connected component 5h can easily be the 
whole Hilbert space: for a teleportation protocol that is covariant under 
time-translations, 26 assuming a non-degenerate Hamiltonian, the ability to 
teleport a quantum state \<p) — J2^=o Cn \ n )> c ™ ^ 0,Vn (and hence the 
whole trajectory \ip t ) = J2^=o c ne tLOnt \n) , with uo n ^ uj n > for n ^ n') is 
equivalent to the ability to teleport an arbitrary quantum state \ip) e Jff. 

5. Conclusion 

In this short note we discussed the structure of the confusability graph for 
a set of pure states generated by a group action, providing two applications 
of this structure to quantum estimation and to the search for decoherence 
free subspaces of quantum channels with symmetry. 
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